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In Zermelo-Fraenkel set theory without the Axiom of Choice the θ-function
θ (κ) = sup {ν ∈ Ord | there is a surjection f : P (κ)→ ν}
provides a “surjective” substitute for the exponential function 2κ. It generalizes
the cardinal θ = θ (ℵ0) which is prominent in descriptive set theory. Obviously
− θ (κ) is a cardinal > κ+;
− κ < λ implies θ (κ) 6 θ (λ).
We show that these are the only restrictions that ZF imposes on θ(κ).
Theorem 1 Let M be a ground model of ZFC+GCH+Global Choice. In M ,
let F be a function defined on the class of infinite cardinals such that
i. F (κ) is a cardinal > κ+;
ii. κ < λ implies F (κ) 6 F (λ).
Then there is an extension N of M which satisfies ZF, preserves cardinals and
cofinalities, and such that θ (κ) = F (κ) holds for all cardinals in N .
This is a version of Easton’s Theorem [1] for all infinite cardinals, irrespective
of cofinalities.
The model N is defined as an inner model of a class generic extensionM [G]
of M . In this note we only indicate main elements of the construction. Some
techniques are inspired by [2]. Detailed proofs and further investigations of the
model and its variants, in particular concerning cardinal arithmetic properties
and the amount of choice possible, will be presented in the PhD thesis of the
first author.
Let
A =
⋃
κ∈Card
{κ} × F (κ)
We say that t = (t, <t) is an F -tree if
1
− t ⊆ A and t is the field of the binary relation <t;
− <t is strict and transitive;
− (κ, ν) <t (λ, µ)→ κ < λ;
− (λ, µ) ∈ t ∧ κ ∈ Card∩λ → ∃!ν (κ, ν) <t (λ, µ); hence the predecessors of
(λ, µ) ∈ t with λ = ℵα are linearly ordered by <t in ordertype α, i.e., t is
a tree;
− there are finitely many maximal elements (λ0, µ0) , . . . , (λn−1, µn−1) ∈ t
such that
t = {(κ, ν) | ∃i < n (κ, ν) 6t (λi, µi)} .
Let the class forcing P = (P,6) consist of all conditions
p : (t, <t)→ V
such that (t, <t) is an F -tree, and for all (λ, µ) ∈ t:
− if λ = ℵ0 then p (λ, µ) ∈ Fn (ℵ0, 2,ℵ0)
− if λ = κ+ is the successor of κ ∈ Card then p (λ, µ) ∈ Fn ([κ, λ) , 2, λ)
− otherwise p (λ, µ) = ∅
Here Fn (D, 2, λ) is the Cohen forcing
{h | h : dom(h)→ 2, dom(h) ⊆ D, card (h) < λ}, partially ordered by ⊇.
For p, q ∈ P with p : (t, <t)→ V and q : (s,<s)→ V set p 6 q iff
− t ⊇ s and <t⊇<s
− ∀ (λ, µ) ∈ s p (λ, µ) ⊇ q (λ, µ)
Let G be M -generic for P . For (λ, µ) ∈ A let
cλ,µ = {ξ | ∃p ∈ G (p : (t, <t)→ V ∧ ∃ (κ, ν) 6t (λ, µ) p (κ, ν) (ξ) = 1)}
be the “µ-th Cohen subset” of λ.
For limit δ < F (λ) define surjections
Sλ,δ : {cλ,µ | µ < δ} → {0} ∪ (Lim∩δ)
by
Sλ,δ (cλ,µ) = µ
∗
where µ∗ is the largest element of {0} ∪ (Lim∩δ) which is 6 µ.
Around each Sλ,δ define a “cloud” S˜λ,δ of similar functions:
S˜λ,δ = {Sλ,δ ◦ σ | σ is a permutation of δ, which is the identity except
for finitely many intervals of the form [γ, γ + ω)}.
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The predicate S collects the equivalence classes:
S =
⋃{
S˜λ,δ | λ ∈ Card and δ is a limit ordinal < F (λ)
}
.
The model N is generated over M by the Cohen sets, the surjections Sλ,δ
and the predicate S.
N = (HODS (M ∪ {cλ,µ | (λ, µ) ∈ A} ∪ {Sλ,δ | (λ, δ) ∈ A ∧ δ ∈ Lim}))
M [G]
The analysis of N is based on symmetry properties of P .
An F -permutation is a bijection π : A↔ A such that
∀ (λ, µ) ∈ A∃µ′ < F (λ)π (λ, µ) = (λ, µ′) ,
i.e., π preserves the levels of A.
An F -permutation π canonically extends to a bijection of the class of all
F -trees and to an automorphism of P .
An F -permutation π is called small if for all assignments π (λ, µ) = (λ, µ′)
there is γ ∈ {0} ∪ Lim such that µ, µ′ ∈ [γ, γ + ω).
Lemma 1 If p, q 6 r and p ↾ dom(r), q ↾ dom(r) are compatible then there
exists a small F -permutation π such that
− π ↾ dom (r) = id and so π (r) = r
− p and π (q) are compatible in P .
A small F -permutation will only permute the Cohen sets c˙Hλ,µ by a finite
difference in the second index µ. Since the functions Sλ,δ are invariant with
respect to such small pertubations, one obtains:
Lemma 2 Let ϕ be an ∈-formula, (κ0, µ0) , . . . , (κm−1, µm−1) ∈ A, and
(λ0, δ0) , . . . , (λn−1, δn−1) ∈ A with limit ordinals δi. Let ~x ∈ M . Let p :
(t, <t) → V be a condition such that (κ0, µ0) , . . . , (κm−1, µm−1) ∈ t. Let
(t¯, <t) ⊆ (t, <t) be the subtree t¯ = {(κ, ν) | ∃i < m (κ, λ) 6t (κi, µi)}. Then,
using canonical names,
p  ϕ
(
c˙κ0,µ0 , . . . , c˙κm−1,µm−1 ,
−→
xˇ , S˙λ0,δ0 , . . . , S˙λn−1,δn−1 , S˙
)
iff
p ↾ t¯  ϕ
(
c˙κ0,µ0 , . . . , c˙κm−1,µm−1 ,
−→
xˇ , S˙λ0,δ0 , . . . , S˙λn−1,δn−1 , S˙
)
.
This implies the following approximation property:
Lemma 3 Let X ∈ N , X ⊆ Ord. Then there are indices
(κ0, µ0) , . . . , (κm−1, µm−1) ∈ A such that X ∈M
[
cκ0,µ0 , . . . , cκm−1,µm−1
]
.
By the lemma, N is a cardinal preserving extension of M . For all cardinals
λ ∈M and limit ordinals δ < F (λ), Sλ,δ ∈ N yields a surjection from P (λ)∩N
onto ({0} ∪ Lim) ∩ δ, thus θ (λ) > F (λ). Further permutation arguments show
that N |= θ (λ) = F (λ), as required.
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